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Abstract 

Motivated by application to quantum physics, anticommuting analogues of Wiener 
measure and Brownian motion are constructed. The corresponding Ito integrals are 
defined and the existence and uniqueness of solutions to a class of stochastic differential 
equations is established. This machinery is used to provide a Feynman-Kac formula 
for a class of Hamiltonians. Several specific examples are considered. 

1 Introduction 

Anticommuting variables occur in physics when either a supersymmetry or a BRST sym- 
metry occurs. In the first place such variables occur as the parameters of each of these two 
kinds of symmetry transformations, but they also occur when the operators of the quan- 
tized theory are represented by differential operators on function spaces: the presence of 
canonical aniz-commutation relations means that the functions involved are functions of 
anticommuting variables, an idea which goes back originally to work of Martin Jl] and ideas 
of Schwinger M, and was extensively developed by Berezin || and by De Witt M. Anticom- 
muting variables are not used to model physical quantities directly; their use is motivated by 
the algebraic properties of the function spaces of these variables. In application to physics, 
results which are real or complex numbers emerge after what has become known as Berezin 
integration (defined by equation (H) in Section ||) which essentially takes a trace. The ap- 
proach using anticommuting variables is particularly useful in the context of supersymmetry 
and BRST symmetry because bose and fermi (or ghost) degrees of freedom, which are related 
by symmetry transformations, are both handled in the same way. 

Path integral quantization in this approach has been developed in terms of limits of time- 
slicing by a number of authors, starting from the work of Martin |TJ with further work by, 
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among others, Marinov ||. A clear account of this use of Grassmann variables in fermionic 
quantization is given by Swanson ||. 

In this paper we investigate a more rigorous, mathematical approach to the path in- 
tegral quantization of ghost Hamiltonians by developing anticommuting analogues to vari- 
ous constructions in probability theory (such as Brownian motion and stochastic calculus) 
and applying these objects to establish a Feynman-Kac formula for a wide family of ghost 
Hamiltonians of the kind which occur when quantizing systems in the BRST approach. These 
anticommuting analogues are constructed in close parallel to their classical commuting coun- 
terparts, so that the two may readily be combined to give a 'super' theory in a geometric 
setting. The anticommuting Brownian motion developed here is distinct from that developed 
by one of the authors for fermionic quantization [[5], §], essentially because these two classes 
of theory have distinct free Hamiltonians. 

Other approaches to quantization of fermionic and ghost degrees of freedom have been 
considered by several authors: it is not possible to give a full list, but examples are the work 
of Gaveau and Schulman ||, Applebaum and Hudson [|10j and Hudson and Lindsay PT| , and 



Kupsch [12]. Closest to the work presented here is the work of Barnett, Streater and Wilde 



p~3|, inj and of Hasagawa and Streater |T5| , as will be discussed in more detail in Section |1 



2 Anticommuting variables 

In this section we briefly describe the space of anticommuting variables from which our pro- 
cesses are built, together with the key features of the analysis of functions of such variables. 
Further details may be found in || . The approach taken, using Grassmann algebras, is more 
concrete and more particular than strictly necessary; a more abstract approach is possible, 
which would be more mathematically economical and elegant, but would not relate in so 
direct a way to the standard methods of stochastic calculus. 

The basic anticommuting algebra used is the real Grassmann algebra with an infinite 
number of generators; this algebra, which is denoted M.$, is a super algebra with M.$ ■— 
Ms,o©IRs,i where M.s,q is the even part, consisting of elements which are a linear combination 
of terms each containing a product of even numbers of the anticommuting generators, while 
M^i is the odd part. We will normally consider homogeneous elements, that is elements A 
which are either even or odd, with parity denoted by so that = i if A is in M. s ,i, i = 
0, 1. The algebra M. s is super commutative, that is AB = (—l) €AeB BA, so that in particular 
a(3 = —(3a if and only if both a and (3 are both odd. We shall not need to be concerned 
with analysis on this space directly, and so do not need to specify any norm. Our use of the 
space will be purely algebraic. 

The functions with which we shall principally be concerned, because of their role in 
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ghost quantization, have as domain the space R°' m := (R s ,i) m . A typical element of this 
space is rj := (77 , . . . ,r] m ). (It will be assumed that m is an even number in this paper, 
although in other contexts this is not necessarily the case.) We will consider functions on 
this space which are supersmooth j|, [16|], that is (in this simple context where we consider 
purely anticommuting variables) multinomials in the anticommuting variables. These may 
be written in a standard form if we introduce multi-index notation: let M n denote the set 
of all multi-indices of the form fi := ^ . . . fi k with 1 < /ix < . . . < \i k < m together with the 
empty multi-index 0; also let denote the length of the multi-index //, 77 .= 1 (the unit of 
Rs) and r] fl := lr? Ml . . . 77^1. A supersmooth function is then a function F of the form 

F : R° s ' m — ► R s 

(v\---,V m ) - E (1) 

where the coefficients F^ are real or complex numbers. 

Differentiation of multinomial functions of anticommuting variables is defined by linearity 
together with the rule 

drf i (-l)*- 1 ^ 1 ...rf ...r)»M, if j = m for some £, 1 < t < 
drf \ otherwise, 



where ^ indicates an omitted factor. 

Functions of anticommuting variables obey the following Taylor theorem, which can be 
proved as in the classical case. 

Theorem 2.1 If F is a supersmooth function onR s ,m and are elements ofR° s ' m , 
F(Z + V)~ F(0 = v ai d ai F(0 + ^V a2 V ai d ai d a2 F(0 + ... 

+j^Yy V a - 1 ■ ■ - V ai d ai ■ ■ - da^FiO 

-1 (!_ t )n-l 



/ ( iM V an ---ri ai da x ...da n F{Z + tTj)dt. 

Jo {n-iy. 



(3) 



(Here and later the summation convention for repeated indices is used.) If the number of 
terms n is greater than the number of anticommuting variables m this takes the simpler form 
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where dp, = . . . <9 W . 

Integration of functions of these anticommuting variables is defined algebraically by the 
Berezin rule: 

/ d m V F( V ) = F 1 ... m , (5) 
Jb 

where F{rf) = Yliu,eM m ^^ as ^ n (0)> so that Fi-m is the coefficient of the highest order 
term. 

The space of supersmooth functions of m anticommuting variables will be denoted ^{m), 
and is a 2 m -dimensional vector space. A norm on this space is defined by 

1*1*= £ 1^1 (6) 

fj,£M n 

where again F(r]) = X^gm as i n (0)- This norm has the Banach algebra property 

\FG\ G < \F\ G \G\ G . (7) 

Any linear operator K on this space has integral kernel taking K^'" 1 x M°g m into defined 
by 

Kf(6)= [ d m 6K( v ,6)f(6). (8) 
Jb 

3 Anticommuting probability and stochastic processes 

While the standard integral for functions of anticommuting variables, the Berezin integral 
defined in equation @, has no measure-theoretic or 'limit of a sum' aspect, it can be used to 
build an anticommuting analogue of probability theory by taking the consistency conditions 
of the Kolmogorov extension theory as the defining properties, as has been carried out in 
[0. |5J . The key definition of anticommuting probability space is now given. A restricted form 
of the definition, sufficient for this paper, is used, with more details and generality available 
in the references cited. 

Definition 3.1 A (0, m)-anticommuting probability space of weight w consists of 

(a) a finite closed interval [0,T] of the real line; 

(b) for each finite set B = {ti, . . . , t r } with < t\ < . . . < t r < T, a supersmooth function 
F B on (M°' m ) r such that 
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i. 

[ d m 9 1 . . . d m 9 r F B (6 X , ...9 r )=w (9) 
Jb 

(where 9\, . . . , 9 r are each elements ofM°g m ); 
ii. if B = {ti, . . . t r } and B' = {t 1( . . . t r _i} then 

[ d m 9 r F B (9 1 ,...9 r ) = F B ,(9 1 ,...9 r _ 1 ). (10) 
Jb 

Such a space will be denoted ((R^' m )[°' T l, {F B }, djj). 

(The conditions @ and (0) are analogous to the consistency conditions for finite-dimension- 
al distributions.) 

We can now define the notion of random variable on this space; we cannot use conven- 
tional measure theory, but must instead build an explicit limiting process into the definition. 



Definition 3.2 A (0, /c)-dimensional anticommuting random variable 

(?:={(? r ,B r ), 1 = 1,...,*, (11) 
for the anticommuting probability space ((IR^' m )t ' T ], {F B }, d/i) consists of 

(a) a sequence of defining sets Bi, B2, . . ., each a finite subset of [0, T\; 

(b) a sequence of supersmooth functions G r : (IR^' m )l' Br l — > R^' fc , r = 1, 2, . . . (with compo- 
nents G l r ,i = 1, . . . , k) such that for each i = 1, . . . , k and each multinomial function 
H of k variables the sequence 

I r (H)= [ d m 9 1 ...d m 9 lBrl F Br (9 1 ,...,9 ]Brl )H(G r (9 1 ,...,e lBrl )) (12) 
Jb 

tends to a limit as r tends to infinity. (Here \B r \ denotes the number of elements in 
the set B r .) 

The limit of I r (H) is called the (anticommuting) expectation value of H(G l ), and we 
write 

E G [H(G 1 )} = [ dfiHiG*) := lim I r (H). (13) 

The case where there exists some finite number M such that B q = Bm for allq > M is called 
a finitely-defined anticommuting random variable. 



5 



The definition of a stochastic process is analogous to the conventional one: 

Definition 3.3 Let A be an interval contained in [0, T]. Then a collection 

X:={X t \teA} (14) 

of (0, k)- dimensional random variables on an anticommuting probability space 
((R°f n )^ ,T \ {F B },d/j,) is said to be a (0, A;)-dimensional stochastic process on the space 
((R^' m )[°' T l, {F B }, dfi) if for each finite subset A a of A the collection X := { X t \ t G A a } is 
an anticommuting random variable on this space. 

In this paper we shall be concerned with stochastic processes which are built from solutions 
of stochastic differential equations. 

We end this section with some useful but rather technical definitions starting with a 
notion of equality of random variables. 

Definition 3.4 If {X 1 ) and (Y l ) are two (0, k)- dimensional random variables and 

E G [H(X)]=E G [H(Y)}, (15) 
for all multinomial functions H of k variables, then we say they are /i-equal. This is written 

X l =^Y\ (16) 
The next definition defines convergence of a sequence of random variables. 

Definition 3.5 If X is a (0, k)- dimensional random variable, X r ,r = 1,2,. a sequence of 
(0, k)- dimensional random variables, and 

= 0, (17) 

for each multinomial function H then we say that X r /i-converges to X . This will be 
denoted 

H-]imX r = X. (18) 

r— *oo 

While other kinds of equality and convergence can be defined, these forms are sufficient 
for the purposes of this paper since the Feynman-Kac formula is built from expectations of 
anticommuting random variables. 



lim 



E G [H(X r ) - H(X)\ 
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4 Anticommuting Brownian motion 

The anticommuting Brownian motion process will now be constructed. We start by defining 
anticommuting Wiener space, using finite dimensional marginal distributions built from the 
heat kernel of the 'free' Hamiltonian for functions of m anticommuting variables. Recalling 
that we are assuming that m is even, this Hamiltonian is 

H * ■= (19) 

where the m x m matrix e in block diagonal form is 



e = 



(20) 



with e = ^ ^ q ^ • The nea ^ kernel e~ HFt (r),r)') of this Hamiltonian is 

iKi-z.^Mr-P ^-y-^ ) (2D 

as may be verified by observing that p(r) — rj', t) satisfies the equation 

^- t p(7 1 ,7 1 ',t) = -H F p( V ,7 1 ',t) (22) 

and reduces to the Grassmann delta function 5(r] — r]') := n™ 1 (r/ 1 — r] n ) when t — 0. 

Anticommuting Brownian motion is now defined to be the anticommuting stochastic 
process constructed from this heat kernel in the following way: 

Definition 4.1 Anticommuting Wiener space of dimension (0, m) (where m is even) on the 
time interval [0, T] is the anticommuting probability space ((M°g m y°' T \ {Fb} , dfi) with 

F {tl ,..., tN }(vi, ...,Vn)-= p(vi, h)p(v2 ~ Vi, t 2 -h)... p(r] N - 77^-1, t N - t N -i) (23) 

for each finite set {t±, . . . , tN} of real numbers for which < t\ < . . . < t^ < T. 

It follows immediately from the semigroup property of the heat kernel 
p(r),r)',t) that the finite dimensional marginal distributions F tlv .. jtjv . satisfy the necessary 
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consistency condition contained in Definition 371, and then by direct calculation that the 
weight of the space is 1. 

We now define m-dimensional anticommuting Brownian motion to be the stochastic pro- 
cess Pt defined by this anticommuting probability space, so that for any supersmooth function 
H of mN anticommuting variables, where N is a positive integer, 

E G [if (/%,..., /3»J] 

= / d m 9 1 ...d m e NP (e 1 ,t 1 )p(e 2 -e 1 ,t 2 -t 1 ) 

JB 

■ ■ -p(0n ~ 0N-i,t N - tjv_l)# (01, • • • , N ). (24) 

The following expectations, which will prove useful in subsequent sections, may be cal- 
culated directly from this definition. 

Bora = o 

E G [ff$] = e ab t 
®qK&1 = e a Vin(t 1; t 2 ) 

E G [(A a 2 - PtM, ~ A)] = ~ (25) 

An important consequence of these results is that the process fit has independent incre- 
ments: 

= (26) 

if h > U > s 2 > Si. 

These results show that anticommuting Brownian motion has the same covariance as the 
ltd Clifford process introduced by Barnett, Streater and Wilde [JT3|, [14| and further studied 



by Hasagawa and Streater [15]. From this point of view we are providing a concrete model 
of these processes, and applying them in a novel way to path integration in ghost quantum 
mechanics. 

The results (p5|) can be further extended if we introduce the notion of adapted process 
in close analogy with the standard definition. 

Definition 4.2 A stochastic process F t ,t e [0,T] on m-dimensional anticommuting Wiener 
space such that for each t in [0,T] F t is a function of {f3 s \0 < s < t} is said to be [0, t]- 
adapted. 

(The time interval, [0, t], may be omitted when the context makes it clear.) As in the classical 
case, it can then be shown by direct calculation that, if F t is a [0, t]-adapted process and 
< s < u < T, then 

E G [F:(f3 b u -p b s )} = 0, 
and E G [F:((3 b u - (3 b )((3 c u - %)} = E G [F S V> " *)• (27) 
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5 Anticommuting stochastic integrals 



As in the classical case, two kinds of integrals of anticommuting stochastic processes will 
be useful, those with respect to time and those along (anticommuting) Brownian paths. 
Before defining these integrals it is useful to introduce a notation for a decreasing sequence 
of partitions of the interval [0,t],t < T. For N = 1,2,... and fixed t in [0, T] the set 



{C,t[ N] ,. . . ,t% ] } is a subset of [0,T] with t l N] = 0, t l N] < . . . < t% ] , t% ] = t and Am = 
sup r=1 jv \t [ r N] — —> as N — > oo. 



Definition 5.1 The integral with respect to time of an n- dimensional adapted process 
A\ is defined (when it exists independent of the choice of decreasing sequence of partitions) 
to be the process 



It is clearly [0,t]- adapted. 

The anticommuting analogue of the Ito integral will now be defined: 

Definition 5.2 Suppose that C % as1 i — 1, ... ,n, a — 1, ... ,m is an nxm-dimensional adapted 
process on anticommuting Wiener space. Then the Ito integral of the process is defined 
(when it exists independent of the choice of sequence of decreasing partitions) to be 



It is clearly [0, t]- adapted. 

At this stage we do not consider necessary or sufficient conditions on the processes A t , C t for 
these integrals to exist; this question is addressed directly for the various processes considered 
in applications in later sections. 

Definition 5.3 An anticommuting Ito process or anticommuting 
stochastic integral is a process of the form 




r=l 



(28) 




r=l 



(29) 




(30) 



where A\ and C l as are [0, s]-adapted processes. 
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Using (|2lS| ) and ( $Z7\) the anticommuting Ito isometry can be proved in close analogy to 
the classical case fL7j . 



Proposition 5.4 Suppose that for i = 1 . . . k 



t ~ 



L 



as 



with each Z l of definite Grassmann parity. Then 



Eg [Z\Zl] 



I 



dsE G [(-iy*e ba Ci s Cl s ). 



(31) 



6 Anticommuting 



stochastic 



differential 



equations 

In this section the anticommuting analogues of stochastic differential equations will be con- 
sidered; these are applied in the final section to give a proof of the Feynman-Kac formula 
for a wide class of Hamiltonians. No very general theory is needed, a rather prescriptive 
and constructive approach is taken, motivated by the application to path integration. We 
simply define a sequence of random variables which satisfy the required stochastic differential 
equation. 

Theorem 6.1 Suppose that for i = 1, . . . n and a — 1, ... ,m the functions A 1 and C % a are 

supersmooth functions on M°g m Suppose also that (q is an element of IR^'" 1 . Then there 
exists a unique adapted process (t which satisfies the n- dimensional system of anticommuting 
stochastic differential equations 



Outline of proof: To prove existence we construct a solution as the limit of an inductive pro- 
cess. Let the sequence ( t ,k, k = 1, 2, . . . , t G [0, T] of n-dimensional anticommuting stochastic 
processes be defined by 




(32) 



Cs,o — Co 

ci, k+ i = q+ [ t dsAi(t s>k )+ fdft&jtu*) 



o Jo 



(33) 
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Then, using the Ito isometry Proposition |5.4|, it may be proved by induction that there exists 



a positive constant A such that (for any pair of finite subsets {ti, . . . , t r }, {t' v . . . , t'} of [0, T] 
and corresponding pair of finite sets of multi- indices /i' 1 ', . . . , fp r \ . . . , z/' p l) 

(Cti,k - (t u k-iT l 1 • • • (Ctr,*; ~~ (t r ,k-iT l ] Ctf , • • • Ct'' . ) lo 

\ l.fc — 1 p,fc — 1 / 

Ml^lf)* (,4l>* [pl [f|* , m, , r i 

< l 71 l ) \ A l ) / ^| i ,M|+.„-f| i yMKfc-l / 34 ^ 

~ /c! A;! 

This result may be used to show that for each t in [0, T] and each fi in M n the sequence 
I-^g(Cu;)Ig is Cauchy and hence that ( t ,k converges to an anticommuting random variable ( t 
satisfying (j32|). 

To prove uniqueness, we suppose that u t is also a solution to (P^). Then, again by 
induction over k, it can be shown that there exists a positive constant B such that := 
sup^ eMn ,^0 |Eg(w£ - C&)Ct%lo satisfies 

0<ft,k<B f dsf s>k . (35) 
«/ o 

and hence that, for each t in [0, T], limfc^oo / 4jfc = 0, so that uj t = M ( t . 

The stochastic differential equation ([$2|) is often written in differential form as 

dQ = dtA\{Q + dffCUt t ). (36) 

In order to exploit solutions to anticommuting stochastic differential equations to gain 
information about diffusions, the following Ito formula for stochastic integrals is essential. 
As in the classical Ito theorem, there is a second order term which would not be present in 
the deterministic setting. 

Theorem 6.2 Let X%,i = 1, . . . ,p + q be a stochastic process on anticommuting Wiener 
space with X 1 even for i = 1, . . . ,p and X % odd for i = p + 1, . . .p + q, and with each X % 
having the form 

Xl = X* + [ dsA%s,(s)+ [ d^Ci(s,Q (37) 
Jo Jo 

where — 1, . . . ,n' are solutions to an n' -dimensional system of anticommuting stochastic 
differential equations, (3 t is m- dimensional anticommuting Brownian motion, and the func- 
tions A\ C % a such that there exists a positive constant K for which \ A l (t, .)\ G < K, \C l a (t, .)\ G < 
K each t in [0, T]. Then, if F is a supersmooth function of p even and q odd variables (in the 
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sense that F(X i ) = J2^eM F n{ xX , ■ ■ ■ > X P )X^ 1+P . . . X^M +P with each a smooth function 
ofp even variables which, together with its first and second and third derivatives, is uniformly 
bounded) then 

=, F(X ) + / dX%F{X s ) 
Jo 

+ | / dsi-iyx'e^CliX^CiiX^d&FiXs). 
Jo 

(38) 

Outline of proof: For each of the sequence of decreasing partitions of [0, t] we note that 

N 

F(X i )-F(X ) = ^AF r (39) 

r=l 

where AF r = F(X an]) —F(Xjn] ). Now at the N th approximation to the stochastic integrals 

tr ^r— 1 

X\ we have 

AF r = AXld % F(X, m ) + lAXiAXid i d j F(X. [N] ) 

+ higher order terms (40) 

where 

AXl = A\t [ ?\, ( t w )5t [ r N] + 6(3" [N] CUC,, C t im ). (41) 

'r— 1 l r V- 1 

If we now take the k th approximation to Q we can show by induction, using the anticom- 
muting Ito isometry, that the only terms in the sum (|39|) which are of order (St^) 1 are 
AX\diF \X f [N] ) (coming from the first order terms in the Taylor expansion) and 

\8t [ r ] {-iy*e ah Ci{t [ ?\X t m )Ci(t [ r N \X tlN] )d j d i F(X tlN] ) 

* E r-1 l r-l l r 

from the second order term. All other terms are of higher order in St l r N] and thus do not 
contribute to the sum in the limit as iV tends to infinity. 

A simple but useful special case of this theorem is the integration by parts formula 
contained in the following corollary. 

Corollary 6.3 The differential of the product of two stochastic integrals of the form ( |3~TD is 
given by the integration by parts formula 

d(XlX?) = X]dXl + dX}Xl + K-l^e^t, QClit, Q dt. (42) 
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An example of the solution of a particular stochastic differential equation will now be de- 
scribed; the process which solves the equation is the anticommuting analogue of the Ornstein- 
Uhlenbeck process. 

Example 6.4 Consider the two-dimensional system of anticommuting stochastic differential 
equations 

Q = fds{-rQ+ fd^cl (43) 
Jo Jo 

where i, a = 1,2 and r, d a are even constants. This may be solved using the same method 
as in the standard theory of stochastic calculus, by applying the anticommuting form of the 
Ito integration by parts formula to the product e rt Q obtaining 

e rt Cl = Q+ fd(e rs )C s + fdQe™ 
Jo Jo 

= Q+re rs [ ds(i+ [ ds(-rCe rs )+ [ df3 a s d a e rs 
Jo Jo Jo 



Q + / d#4e". (44) 



so that 



Q = Qe- rt + e~ rt f dR<&: (45) 



7 The anticommuting Feynman-Kac formula 



In this section we prove a Feynman-Kac formula for Hamiltonians which are even, second- 
order differential operators on the space J-{n) of supersmooth functions of n anticommuting 
variables of the form 

H = lg kj djd k + ia j dj + v, (46) 

where v is an even function in ^(n), a*, i — 1, . . . , n are odd functions and g k i = e ab c\c> a with 
c^,k = 1, . . . ,n,b — 1, . . . , m even functions. The approach taken is similar to that used for 
conventional, commuting diffusions, as presented for instance in the books of Arnold [jPSfl , 
Friedman and 0ksendal fTT |. 

Theorem 7.1 If H is a Hamiltonian of the form (| 



and t is in [0, T] then for any F in 



(e- Ht F) (0 = E G e -^ dsv{Cs) F(C 



(47) 
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where Q is the anticommuting diffusion which starts from £ and satisfies 

dt{ = -idta?(Ct) + d%<i{St). (48) 
Proof: For t G [0,T] define the operator Ut on J-{ri) by 

U t F(0 = E G (V /o "(W^Ffo)) . (49) 

Then, using the It 6 formula (PE|), we find that 

f/ t F(0-F(0= fdsU s HF{i) 
Jo 

so that £/i = exp — i?t as required. 



(50) 



The first example of the application of this formula that we will consider gives the basic 
path integral formula for the flat Hamiltonian: 

Example 7.2 Consider the Hamiltonian 

H = <9i<9 2 . (51) 

acting on F{2). Working on two-dimensional anticommuting Wiener space, the correspond- 
ing diffusion is the solution to 

dQ = d$, a = 1,2 (52) 
starting from £. This has solution ( t = £ + (3 t so that 
e- H *F(0 = E G [F^ + (3 t )} 

d 2 r]texp (^j-J + 

cP v t exp ( (v 1 - ew - e) \ F{v) (53) 



simply reflecting the fact that anticommuting Brownian motion is built from the heat kernel 
of this very Hamiltonian. 

A closely related example gives the basic path integral formula for the flat Hamiltonian with 
potential: 
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Example 7.3 For the Hamiltonian 

H = + v 
(with v an even function) acting on J 7 (2) 

e~ Ht F(0 = E G (e~fi + ft)) 



(54) 



(55) 



The next example, which is also two dimensional, concerns the Hamiltonian whose heat 
kernel gives the distribution for the anticommuting Ornstein-Uhlenbeck process described in 
Example |6] 



(56) 



Example 7.4 In the case of the Hamiltonian 

H = c 2 d l 8 2 + r(r ] 1 d 1 + rfd 2 ) 
we must consider the diffusion ( t starting from £ and satisfying 

dQ = - r Q dt + cdff, 

so that using ((451) 



C = Ce~ rt + e~ rt 



d(3 a s e r 



(57) 



(5f 



Applying the Feynman-Kac formula to four functions which form a basis of ^F(2), that is, 
F (rj) = 1, Fi(r}) = rj 1 , i^C??) = ?? 2 and F^irf) = rfrf, we obtain 

exp- m F (O = E G [1] = 1 

exp-^F^O = E, 



i l e- rt + e~ rt 



1 rs 



cd(3 s e 



exp-^F 2 (0 = e- ri £ 2 and 



G 



f + e 



-rf 



cd#e r< 



x ( £ 2 e- rt + e 



-rt 



cdj3 2 s e rt 



o 



e -2rt^2 + , dsc z e zrs e 



2 2rs -2rt 







2r 



-2rt"\ 



(59) 
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so that the heat kernel for this Hamiltonian is 



e-»\t, 77) = vW - e- r \ev 2 + VT) + ^-(1 - e 

2r 



-2rt\ 



(60) 



The next example we consider is the anticommuting Harmonic Oscillator. This is the funda- 
mental example in BRST quantization in the sense that quantizing a quantum mechanical 
system with k momenta constrained to be zero leads to a ghost Hamiltonian with the form 
of the 2fc-dimensional anticommuting harmonic oscillator [ 2(| [21| . For simplicity we consider 
only the two dimensional case. 

Example 7.5 Consider the Hamiltonian 

H = d 1 d 2 - i] x i] 2 (61) 
which leads to the anticommuting diffusion 

C = C + $>=1,2. (62) 
The anticommuting Feynman-Kac formula for this diffusion is 

( e - m F) (0 = E G Uf fP+PlW+ffiFfe + A )l . ( 6 3) 

To evaluate this integral for finite t we will use essentially the same technique as that em- 
ployed by Simon in [22] . To achieve this we need to extract the kernel of the time evolution 
operator from this expression, and define the analogue of conditional expectation. Taking the 
definition of the expectation with respect to anticommuting Brownian motion (|63| ) becomes 
(we put At := t r — t r _i) 



{e- m F) ( V ) 



lim 



d 2 T} X . . . d 2 r} N p(r}i, At)p(i] 2 - 771, At) . . . p(r] N - 77^-1, At) 



(64) 



r=0 



Making a change of variables 77., 
we obtain 



exp ( J2 ^(V 1 + Vl)(v 2 + Vr)j F(rj + Vn ). 

77 + T] r dropping the primes and replacing t]n by 77', 
(e- m F) (77) = / ^77' (e- Ht F) (77, 77') F (7/), (65) 

J B 



Vr - z 
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where 



(er m F) (r), rj') = 

= lim / drjx... d^jv-i p(vi ~ V, At)p(r? 2 -T]i,At)... p{f] N ^i - rj N - 2 , At) 

(N-l 
^ At r]lrjl 
r=0 

= lim / drjx . . . cZr/A^-i p(Vi ~ V, At)p(r? 2 - rji, At) . . . KW-i - Vn-2, At) 

'AT-1 > 



x p(r] -77iv_i,At)— — 3-^exp 



p(v-v',t) 



. r=0 



p(ry - r/,t)E G 



exp 



(66) 



defining both the process w t (which will be called pinned anticommuting Brownian motion), 
and the conditional expectation operator. 

Following Simon we use the Brownian bridge to represent such pinned Brownian motion 
processes. The (2-dimensional) anticommuting Brownian bridge process starting and 
ending at 0, over the time interval [0, 1] is defined by 



(67) 



In close analogy with the classical case, it may be confirmed using d|) that this process has 
covariance 

E G [a*aj] =e y s(l-u), (68) 
for < s < u < 1. This allows us to express Ut as 



OJ 



- w =^(i-£) + ^£ + ^(l). 



(69) 



Since J* ds f(s/t) = t ds' f(s'), we can restrict our attention to tu s for < s < 1. 
We now take the Fourier expansion of a(s), 



o , 



£«;/r(«), i= 1,2 



(70) 



r=l 
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where i r := (nr) x , f r (s) ■= v / 2sin(r7rs) and the £ r are the anticommuting analogue of 
independent Gaussian random variables, that is to say, their formal measure is 



(71) 



r=l 



It can be confirmed (as in the book of Simon ||22j for the classical case) that this Fourier 
expansion for the Brownian bridge gives the same covariance as (B3) above when expectations 
are taken using this formal measure. 

Pinned Brownian motion oj(s) thus has the Fourier expansion 



CO 



(72) 



r=l 



where 7* = \f2l r {rf + (— l) r+1 ?7 /J ). Substituting this into the expression fl66|) for the kernel 
of the time evolution operator we obtain 



(e- m F) (r),rf) 

= P(v~v',t) [ ( f[ d 2 i r exp g& 

J B Vr=l 



x exp 



/! / 00 \ / 00 

dst f £ fMH + y/iir&)j ( E + ^ 

„ / 00 \ 00 

P(»7 " V, *) / II ^ eX P &r eX P E *(Tr + ^C 1 ) (7' + V^ 2 ) 
\r=l / r=l 

00 

x exp £ ^( 7r H-VV + OCt?*" 1 ^ 1 + C 2 )- 



r=l 



Evaluating the Gaussian integrals we obtain 
(e- m F) fa, rf) 



tj](l+t 2 £ r 2 )exp 



r=l 



/ 00 

( V w + i/y 2) - + E i 



2t£ 2 



x exp 



\ r=l 



r=l 



+ t 2 



2( -l) r t£ 

+ t 2 £ 2 



(73) 



(74) 
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Using the Weierstrass-Hadamard factorisation of sinhx: 

oo 

sinhx = x + f r x 2 ), 

r=l 

and the Mittag-Lefner expansions of (sinhx) -1 and cothx: 



+ x 2 



cothx 



1 oo 
X ^ 1 



Ixil 



r=l ' r=l 

we finally find the kernel for the time evolution operator to be 
(e- m F) (77,7/) 

1 



+ x 2 



sinhi exp 



sinht 



[(t/t? 2 + r) n r]' 2 ) coshi — (77 1 ?/ 2 + r{ rf 



Finally we consider an example with quartic fermionic terms. 
Example 7.6 Consider the Hamiltonian 

d 2 



H =(c 2 + 2brj l rj 



dr\ 2 dr} x 



Following Theorem we consider the stochastic differential equation 

C = T+ / d#(a + -££)■ 
Jo a 

Without actually solving this equation it can be seen by direct calculation (toj 
the anticommuting Ito isometry Proposition |5.4j) that 



E G [1] = 1, E G [C t °] = e a , a = 1,2 
and EctiC 2 ) = eee- 2bt + ^(e- 2bt -l) 
giving the action of e~ HT on the four elementary functions 1, 77 1 , r] 2 , i] l r] 2 to be 



exp-#t[l] 
and E G [r]tr} 2 ] 



a = 1,2 



leading to the expression of the heat kernel as 



2bl 



!)• 
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